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Project

• „Travel impacts of social networks and networking tools“ founded by the 
VolkswagenStiftung

• Involved people: Matthias, Andreas F., Jemermy and Johannes

• Objective:
! investigating social networks in a spatial real-world context
! survey concentrating on the social network and the spatial 

information
• spatial distribution of friends
• where do friends meet
• joint travel

! generating full social networks
• with statistical methods
• with agent-based behavioural modelling

! modelling leisure traffic and secondary location choice with social 
networks

! information spreading on social networks
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Survey

• Sampling a social network to uncover its topology

• Sampling-method: snowball-sampling
! respondents are asked to report their contacts, which in turn are 

asked to report their contacts (chain-referral sampling)

• Problem: we like to build a model of a social network with several 
million individuals, but we only have a budget for 500 responents

• Task: estimating the statistical properties for the full network out of the 
sampled data
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Definitions

• a social network can be
! directed or undirected
! weighted or unweighted

• in the following we consider undirected and unweighted networks
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Snowball-Algorithm

• Draw a random sample from 
the complete population: 
„seed vertices“ or initial egos

• Ask all egos to report their 
alters

• Ask each alter to report its 
alters if it has not been 
already interviewed

• Continue until desired amount 
of nodes are sampled

• Issue: the topology of the 
networks determins the 
progress of the sampling 
algorithm
" The sample is NOT 

random!
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p0 =
1
6

p1(2...6) = p0
1 =

1
6

p1(1) = p0(2 ∪ 3 ∪ 4 ∪ 5 ∪ 6) = 0.5904

Snowball-Algorithm

• Draw one seed vertex:
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" The probability of a vertex to be 
sampled correlates with its 
degree!



Snowball-Algorithm

• Vertices with high degree are sampled „faster“ compared to vertices 
with low degree

• High-degree vertices are overrepresented
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Snowball-Algorithm: Degree Distribution

• Iteration 3
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Snowball-Algorithm: Degree Distribution

• Iteration 4
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Snowball-Algorithm: Degree Distribution

• Iteration 5
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Snowball-Algorithm: Degree Distribution

• Iteration 6
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Snowball-Algorithm: Degree Distribution

• Iteration 7
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Snowball-Algorithm: Degree Distribution

• Iteration 8
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Snowball-Algorithm: Degree Distribution

• Iteration 9
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Snowball-Algorithm: Degree Distribution

• Iteration 10
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• What is the consequence?
! Each statistical property that correlates with the degree will be 

biased

• What statistical properties are we interested in?
! degree distribution      and mean degree
! clustering coefficient
! degree correlation
! mutuality
! betweenness centrality        ?
! closeness centrality        ?

pk

Statistical Properties
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Clustering Coefficient

• clustering coefficient of a vertex

• y = number of edges between v‘s neighbours

• interpretation: probability that a connected tripple centered at v is 
closed to a triangle or, probability that the friend of my friend is also my 
friend

• clustering coefficient of a network

• multiple definitions for the cluster coefficient of a network:

!  
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C(v) =
2yv

kv(kv ! 1)

〈C〉 =
1
n

n∑

j

Cj

C=2/20

3x number of triangles
number of connected tripples



Clustering Coefficient

• Does the clustering coefficient correlate with the degree?

• YES!
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Degree Correlation

• Social networks are known to be assortative, i.e., vertices of high 
degree tend to connect to other vertices of high degree

• correlation function 

• for an observerd network

• M = total number of edges, jm, km = degrees of vertices connected to 
edge m

• range of r is [-1,1], where r > 0 means assortative (e.g. social 
networks), r < 0 disassortative (e.g. internet) and r = 0 neutral (e.g. 
random graphs, Barabsi-Albert graphs)
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Mutuality

• tells us something about the occurrence of squares 
in a network

• w2 number of neighbours to steps away, sigma2 
number path of length two to those neighbours

• Does mutuality correlate with the degree?

• Yes!
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Snowball-Algorithm

• We can expect that clustering, degree correlation and mutuality will be 
biased

• Solution:
! If certain vertices are overrepresented, then weight their occurence 

with the reciprocal of their sampling probability
! e.g. for the mean degree:

• But how do we get Pj?
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• probability that vertex 1 is 
sampled before or in 
iteration i:

• negate probabilities:

• generalise for vertex v and 
its neighbours w:

•                is just as unknown 
as

P (i)(1) = P (i−1)(2 ∪ ... ∪ 6)

1− P (i )(1) = (1− P (i−1)(2)) · ... · (1− P (i−1)(6))

P (i )(v) = 1−Πw (1− P (i−1)(w))

P (i)(v)
P (i−1)(w)

Sampling-Probability
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• assume that each neighbour is 
sampled independently

• n = number of sampled vertices, 
N total number of vertices

• so we obtain

• holds equally for all vertices of a 
particular degree

P (i−1)(w) ≈ n(i−1)

N

Sampling-Probability
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Sampling-Probability

• Interpretation:
! In our set of sampled vertices after iteration i the probability that it 

contains a vertex of degree k is
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Sampling-Probability
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Estimators

• Mean degree

• Degree correlation
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Simulations

• Test graph: coauthorship network of scientists in condensed matters 
(from e-print archive)
! 36,458 vertices, 171,736 edges
! mean degree: 9.42
! clustering: 0.65
! mutuality: 0.68
! degree correlation: 0.177
! no disconnected components
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Non-Response Effects

• Respondents reject to participate the survey
! missing vertices and edges in the sampled network

• Assume response rate α = const

• Non-response effects for
! degree - already cpatured by
! clustering - need to estimate missing edges
! degree correlation - already captured by
! mutuality - need to estimated missing second neighbours and paths 

(no reasonable estimator found yet)
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Non-Response Effect – Clustering 

• Clustering coefficient scales linear with the amount of edges yv

• How many edges to we miss? Probability to sample edge e connected 
to vertices v1 and v2

• Assume                                thus

• Estimated number of edges
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C(v) =
2yv

kv(kv ! 1)

P (e) = P (v1) + P (v2)− P (v1)P (v2)

P (v1) = P (v2) = α P (e) = 2α ! α2

ŷv = yv(2α− α2)−1

C(v) =
2ŷv

kv(kv − 1)
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Ĉ



!

!

!

!

!

!
!

X0.1 X0.2 X0.3 X0.4 X0.5 X0.6 X0.7 X0.8 X0.9

0.
0

0.
2

0.
4

0.
6

0.
8

1.
0

Clustering: Sample-Size = 500
53

20 seeds

α

Ĉ
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Conclusion

• (+) simple estimator, reasonable estimates for degree and clustering

• (-) cannot estimate correlated sampling probabilities

• Issues
! network must be homogeneous
! no disconnected components
! with low response-rate networks can become disconnected
! directed and weighted networks?
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